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HERMITIAN CURVATURE FLOW
ON COMPLEX HOMOGENEOUS MANIFOLDS
YURY USTINOVSKIY
Abstract. In this paper we study a version of the Hermitian curvature flow (HCF) considered
by the author in [21]. We focus on complex homogeneous manifolds equipped with induced
metrics. We prove that this finite-dimensional space of metrics is invariant under the HCF
and write down the corresponding ODE on the space of Hermitian forms on the underlying
Lie algebra. Using these computations we construct HCF-Einstein metrics on G-homogeneous
manifolds, where G is a complexification of a compact simple Lie group. We conjecture that
under the HCF any induced metric on such a manifold pinches towards the HCF-Einstein metric.
For a nilpotent or solvable complex Lie group equipped with an induced metric we investigate
the blow-up behavior of the HCF.
1. Introduction
The striking success of the Hamilton’s Ricci flow demonstrates that parabolic metric flows are
a very powerful tool that helps construct distinguished Riemannian metrics and study geome-
try/topology of manifolds admitting certain special metrics. The Ricci flow has particularly nice
long-time existence, convergence properties on Ka¨hler manifolds and we have reasonably good
understanding of the singularity formation [15, 16, 18, 20]. However, on a general non-Ka¨hler
Hermitian complex manifold (M, g, J) the Ricci flow does not behave nicely, since the Ricci form
Ric(g) is not necessary invariant under the operator of the almost complex structure J . Hence
the evolved metric g(t) on M is might not be Hermitian. To overcome this problem some natural
modifications of the Ricci flow were suggested recently in the literature [7, 17, 19]. Any non-Ka¨hler
manifold admits a one-parameter family of Hermitian connections [6], among which the Chern and
the Bismut connections are of a special interest. Given a general complex Hermitian manifold it
is natural to consider curvatures of these Hermitian connections instead of the Ricci form of the
Levi-Civita connection to define a Hermitian version of the Ricci flow.
In 2011 Streets and Tian [17] introduced a family of Hermitian curvature flows (HCFs) on an
Hermitian manifold (M, g, J):
(1) ∂tg = −S +Q(T ),
where Sij = g
mnΩmnij is the second Chern-Ricci form of the Chern connection Ω and Q is an
arbitrary symmetric J-invariant quadratic term in torsion T of ∇. For any choice of Q equation (1)
defines a non-linear strongly parabolic equation for the Hermitian metric g.
In this paper we study a version of the Hermitian curvature flow which was considered by the
author in [21],
(2) ∂tgij = −Sij −
1
2
gmngpsTmpjTnsi.
In what follows we will refer to this flow as the HCF. It is proved in [21] that the flow (2) preserves
Griffiths positivity of the initial Hermitian metric (see Section 2 for the precise formulation). In
the present paper we focus on the behavior of this flow on a (not necessary compact) complex
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homogeneous manifold M = G/H acted on by a complex-analytic group G with the isotropy
subgroup H . There are several reasons why these manifolds are of a special interest for us.
(i) Homogeneous manifolds form a rich family for which one can explicitly compute certain
metrics and analyze behavior of a metric flow. For example, in [8, 14] authors study the
Ricci flow on Lie groups and homogeneous manifolds; see also [3, 5] for the study of a general
HCF version, the pluriclosed flow, on compact homogeneous surfaces and solvmanifolds.
We expect that these computations will shed some light on the geometric nature of the
HCF (2).
(ii) Non-symmetric rational homogeneous manifolds G/P , where G is a reductive algebraic
group and P is its parabolic subgroup are projective manifolds, however, ‘natural’ Hermit-
ian metrics induced by the Killing metric of the compact form of G are non-Ka¨hler [23].
It is interesting to analyze whether our metric flow distinguishes these special metrics.
(iii) The HCF flow (2) is known to preserve Griffiths positivity of the initial metric and homoge-
neous manifolds equipped with an induced metric (see Definition 3.3 below) are essentially
the only known source of such examples.
For an homogeneous manifold M = G/H we denote by g and h the complex Lie algebras of G
and H . LetM(M) be the infinite-dimensional space of Hermitian metrics on M modulo isometry.
There are two distinguished subspaces of M(M).
(i) Minv(M) — the space of G-invariant Hermitian metrics on M . These metrics are in one-
to-one correspondence with AdH-invariant Hermitian metrics on the vector space g/h,
see [13, X.3]:
Minv(M)←→ {AdH-invariant metrics on g/h}
Clearly the setMinv(M) is preserved by any metric flow of the form ∂tg = R(g), where R
is a tensor field, such that its value at x ∈M is determined by the germ of g at x, provided
that the solution to the flow is unique. Hence, any such ‘natural’ metric flow defines an
ODE on the finite dimensional space Minv(M).
(ii) Mind(M) — the space of g-induced metrics. The holomorphic tangent bundle of a complex
homogeneous manifoldM is globally generated by g ⊂ Γ(M,TM), so any Hermitian metric
h on the vector space g induces a metric on its quotient TM . Clearly AdG-equivalent
Hermitian metrics on g yield isometric Hermitian structures on M so we have a map
{Hermitian metrics on g} /AdG −→Mind(M).
Different classes of AdG-equivalent metrics on g might induce the same metric on M
depending on H , so this map is not necessary bijective. Note that typically the induced
Hermitian metrics are not G-homogeneous.
In general, there is no reason for the setMind(M) to be invariant under a metric flow. However,
it turns out that the HCF (2) preservesMind(M) (see Theorem 5.1). In some sense this not a very
surprising result, since this flow preserves Griffiths non-negativity and the metrics in Mind(M)
are the only known Griffiths non-negative metrics on a general complex homogeneous manifold.
What is somewhat less expected is that there exists an ODE on Sym1,1(g) — the set of Hermitian
metrics on g∗, which induces the HCF on all G-homogeneous manifolds independently of the
isotropy subgroup H .
This ODE turns out to be very similar to the ODE defined by the zero-order part of the evolution
equation for the Riemannian curvature under the Ricci flow. Namely, in the case of the Ricci flow
the curvature operator R ∈ Sym2(so(n)) evolves (in the moving frame) according to the equation
∂tR = ∆R+R
2 +R#
HCF ON COMPLEX HOMOGENEOUS MANIFOLDS 3
and the relevant ODE is
∂tR = R
2 +R#,
where # is a quadratic operation on Sym2(so(n)) introduced by Hamilton in [10]. For the HCF
on the set of induced metrics Mind(M) the ODE for h ∈ Sym1,1(g) takes form
∂th = h
#,
where # a generalization of Hamilton’s operation for an arbitrary Lie algebra (Definition 4.1
below). This is a Riccati-type system of equations, as the evolution term h# is quadratic in h.
In a special case when G is the complexification of a compact simple Lie group we use the ODE
for h ∈ Sym1,1(g) to construct scale-static solutions to the HCF on any homogeneous manifold
M = G/H . Such a metric corresponds to the Killing metric of the compact real form of G and
can be thought of as the HCF-analogue of the Einstein metric. We explicitly solve the ODE
in some simple examples (see Example 5.3 for the diagonal Hopf surface and Example 6.4 for
the Iwasawa threefold) and formulate conjectural pinching behavior of this differential equation
(Conjecture 5.4). It seems that at this point we need a better understanding of the algebraic
properties of the operation # to resolve the conjecture and to understand the behavior of the HCF
on Mind(G/H) for a general G .
Finally, in Section 6 we study blow-up behavior of ODE ∂th = h
# on an arbitrary complex Lie
group. Namely, we analyze how the growth rate of a solution h(t) depends on algebraic properties
of g (see Theorems 6.2 and 6.3).
2. Hermitian curvature flow
In this section we fix some notations and review the definition of the Hermitian curvature flow.
In what follows for a complex vector space V we denote by V the conjugate vector space. We
denote by Sym1,1(V ) ⊂ V ⊗ V the real vector space of Hermitian forms, i.e., the set of complex
sesquilinear forms h on V ∗ such that h(ξ, η) = h(η, ξ). For h1, h2 ∈ Sym
1,1(V ) we say that h1 > h2,
if for any ξ ∈ V ∗ the inequality h1(ξ, ξ) > h2(ξ, ξ) holds. A form h ∈ Sym
1,1(V ) is said to be
positive, if h(ξ, ξ) > 0 for any nonzero ξ ∈ V ∗.
Let (M, g, J) be an Hermitian manifold, where J is an integrable complex structure and g is
an Hermitian metric. Let TM ⊗ C = T 1,0M ⊕ T 0,1M be the decomposition of the complexified
tangent bundle into the ±i eigenspaces of J . Denote by ∇ the Hermitian connection on TM
uniquely characterized by the properties
(i) ∇g = 0,
(ii) ∇J = 0,
(iii) T (X, JY ) = T (JX, Y ) for any X,Y ∈ TM , where T (X,Y ) := ∇XY − ∇YX − [X,Y ] is
the torsion tensor,
(iv) ∇0,1 = ∂.
Remark 2.1. Given (i) and (ii) properties (iii) and (iv) are equivalent. It is useful to think about
(iii) as the vanishing of (1, 1)-type part of T , i.e., T (ξ, η) = 0 for ξ, η ∈ T 1,0M .
Definition 2.2. The Chern curvature of an Hermitian manifold (M, g, J) is the curvature of ∇.
Ω(X,Y )Z := (∇X∇Y −∇Y∇X −∇[X,Y ])Z,
where X,Y, Z ∈ TM . We also define a tensor with 4 vector arguments by lowering one index.
Ω(X,Y, Z,W ) := g
(
(∇X∇Y −∇Y∇X −∇[X,Y ])Z,W
)
.
Tensor Ω satisfies a number of symmetries.
Proposition 2.3. For any real vectors X,Y, Z,W ∈ TM one has
4 YURY USTINOVSKIY
Ω(X,Y, Z,W ) = −Ω(Y,X,Z,W ), Ω(X,Y, Z,W ) = −Ω(X,Y,W,Z);
Ω(JX, JY, Z,W ) = Ω(X,Y, Z,W ), Ω(X,Y, JZ, JW ) = Ω(X,Y, Z,W ).
Symmetries of Ω imply that for ξ, η, ζ, ν ∈ T 1,0M
Ω(ξ, η, ·, ·) = Ω(·, ·, ζ, ν) = 0, Ω(ξ, η, ζ, ν) = Ω(η, ξ, ν, ζ),
in particular Ω(ξ, ξ, η, η) ∈ R. It is easy to check that the values Ω(ξ, ξ, η, η) for ξ, η ∈ T 1,0M
completely determine tensor Ω. In what follows, by abuse of notation we sometimes write TM as
a shorthand for the holomorphic tangent bundle T 1,0M .
The main object of our study is the following version of a general Hermitian curvature flow (1)
(3)
{
∂tgij = −Θij(g(t)),
g(0) = g0,
where Θ(g) ∈ Sym1,1(T ∗M) is given by
Θ(g)ij := g
mnΩmnij +
1
2
gmngpsTpmjTsni
is the sum of the second Chern-Ricci curvature and a certain quadratic torsion term for g = g(t).
We refer to Θ(g) as the torsion-twisted Chern-Ricci form. By [17, Prop. 5.1] on a compact manifold
there exists unique solution to equation (3) on some maximal time interval [0, τ). If the initial
metric g0 is Ka¨hler, the HCF coincides with the Ka¨hler-Ricci flow.
Important property of the flow (3) is preservation of the following curvature positivity condition.
Definition 2.4. A complex Hermitian manifold (M, g, J) hasGriffiths positive (resp. non-negative)
curvature, if its Chern curvature Ω for any non-zero ξ, η ∈ T 1,0M satisfies
Ω(ξ, ξ, η, η) > 0, (resp. > 0).
Theorem 2.5 ([21, Theorem0.1]). Let g(t), t ∈ [0, τ) be the solution to the HCF on a compact
complex Hermitian manifold (M, g0, J). Assume that the Chern curvature Ω
g0 at the initial moment
t = 0 is Griffiths non-negative (resp. positive). Then for t ∈ [0, τ) the Chern curvature Ω(t) = Ωg(t)
remains Griffiths non-negative (resp. positive).
If, moreover, the Chern curvature Ωg0 is Griffiths positive at least at one point x ∈M , then for
any t ∈ (0; τ) the Chern curvature is Griffiths positive everywhere on M .
One of the main sources of complex manifolds admitting metrics of Griffith non-negative cur-
vature is the set of manifolds with globally generated tangent bundle. To be precise, if Cm → TM
is a surjective map from a trivial bundle over a complex manifold M , then any constant metric
on Cm induces a metric with a Griffith non-negative curvature [9, §0.5]. In the next section we
investigate the behavior of HCF on such manifolds, equipped with an induced metric.
3. HCF on a globally generated tangent bundle
We start this section with deriving the coordinate expression for the torsion-twisted Chern-Ricci
form
Θij = g
mnΩmnij +
1
2
gmngpsTmpjTnsi,
on (M, g, J). To simplify subsequent applications of this computation we provide a formula for the
g-dual of Θij
Θij := gingmjΘmn,
i.e., we use the metric g to identify Θ with a section of Sym1,1(TM).
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Proposition 3.1.
(4) Θij = gmn∂m∂ng
ij − ∂mg
in∂ng
mj .
Proof. Recall that for the Chern connection on (TM, g) we have:
Γkij = g
kl∂igjl.
Hence for the Chern curvature we have:
gmlΩk
ijm
= −gml∂j
(
gkn∂igmn
)
= −gml∂j
(
−gkngmsgpn∂ig
ps
)
= gml∂j
(
gms∂ig
ks
)
=
= gml∂jgms∂ig
ks + ∂i∂jg
kl = −gps∂jg
pl∂ig
ks + ∂i∂jg
kl.
For the torsion tensor T imp we compute:
T imp = g
il(∂mgpl − ∂pgml) = gml∂pg
il − gpl∂mg
il.
Therefore
1
2
gmngpsT impT
j
ns =
1
2
gmngps(gml∂pg
il − gpl∂mg
il)(gkn∂sg
kj − gks∂ng
kj) =
= gpsgkl∂pg
il∂sg
kj − ∂pg
in∂ng
pj .
Using the above formulas together we get the expression for Θij .
Θij = gmn∂m∂ng
ij − ∂pg
is∂sg
pj .
After relabeling indices we get the stated formula. 
Combining Proposition 3.1 and the equation of the HCF flow (3) we get the following corollary.
Corollary 3.2. Let (M,J, g0) be an Hermitian manifold. Assume that g˜(t) ∈ Sym
1,1(TM) is a
solution to the PDE on M × [0, τ)
(5)
{
∂tg˜
ij = g˜mn∂m∂ng˜
ij − ∂mg˜
in∂ng˜
mj,
g˜(0) = g−10 ,
such that g˜ij(t) is positive definite for t ∈ [0, τ). Then g(t) := g˜−1(t) is the solution to the HCF
on M .
An interesting feature of equation (5) is that its right-hand side depends only on g˜ and not on
g˜−1. In particular, there might exist a solution g˜(t) starting with a degenerate or indefinite form.
It would be interesting to find a geometric interpretation of such solution. However, in this case
the equation is not elliptic anymore.
Now, assume that the holomorphic tangent bundle TM is globally generated. If M is compact,
the space of global sections Γ(M,TM) is finite dimensional. If M is not necessarily compact,
Γ(M,TM) might be infinite dimensional. Nevertheless, global generation implies that there exists
a finite collection {sα}
m
α=1 of elements in Γ(M,TM) such that at any point x ∈ M holomorphic
vector fields {sα} generate TM , i.e., the natural evaluation map
evx : Γ(M,TM)→ TxM
restricted to V := span(s1, . . . , sm) is surjective (see [4, Prop. 11.2]). In this situation we say that
a subspace V ⊂ Γ(M,TM) generates TM .
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Definition 3.3. An Hermitian metric g on M is said to be induced from an Hermitian metric h
on a vector space V ⊂ Γ(M,TM) generating TM , if it has the form g = j∗h (ker ev)⊥ , where
evx : V → TxM
is the evaluation map and
jx : (ker evx)
⊥ → TxM
is the natural isomorphism. In this case we write g = ev∗h for h ∈ Sym
1,1(V ∗). The set induced
metrics on M is denoted by Mind(M). Note that Mind(M) depends on the choice of generating
space V ⊂ Γ(M,TM).
Let sα = a
i
α ∂/∂zi be the local coordinate expression for the vector field sα and denote a
i
α := a
i
α.
Functions aiα are holomorphic. In the coordinates the induced metric g = gij is given by the
expression
(6) gij =
(
aiαa
j
β
hαβ
)−1
.
Indeed aiαa
j
β
hαβ is the Hermitian metric on T ∗M induced by the inclusion ev∗x : T
∗
xM → V
∗ and
the Hermitian metric gij on TM is its inverse.
Remark 3.4. Let E → M be a holomorphic globally generated vector bundle. Notions of global
generation and Griffiths non-negative curvature extend to this case in a straightforward manner.
It is known that metric h on E induced from a metric on the generating vector space V ⊂ Γ(M, E)
has Griffiths non-negative Hermitian curvature RE,h:
RE,h(v, v, e, e) > 0
for any x ∈M , v ∈ T 1,0x M , e ∈ Ex. In particular in our setting the Chern curvature Ω is Griffiths
non-negative.
Proposition 3.5. Let (M, g, J) be a complex manifold, such that TM is globally generated by V ⊂
Γ(M,TM). Assume that g = ev∗h for h ∈ Sym
1,1(V ∗). Let {sα}
m
α=1 be an h-orthonormal frame
of V . Then the torsion-twisted Chern-Ricci form Θ(g) considered as a section of Sym1,1(TM) is
given by
Θ(g) =
1
2
m∑
α,β=1
[sα, sβ ]⊗ [sα, sβ ],
where [·, ·] is the commutator of vector fields on M .
Proof. First we note, that since vector fields sα = a
i
α∂/∂zi are holomorphic, all the derivatives
∂aiα, ∂a
j
β
vanish. Using this fact and equations (4) and (6) we find
Θ(g)ij = gmn∂m∂ng
ij − ∂mg
in∂ng
mj =
= hγδamγ a
n
δ
hαβ∂ma
i
α∂na
j
β − h
γδ∂ma
i
γa
n
δ
hαβamα ∂na
j
β
=
= hαβhγδ
(
amγ ∂ma
i
α · a
n
δ
∂na
j
β
− amα ∂ma
i
γ · a
n
δ
∂na
j
β
)
=
=
1
2
hαβhγδ
(
amγ ∂ma
i
α − a
m
α ∂ma
i
γ
)
·
(
an
δ
∂na
j
β
− an
β
∂na
j
δ
)
.
(7)
In the last equality we used the fact that the whole expression is symmetric under the change
(αβ)↔ (γδ). The last two multiples in the last expressions are exactly the i and j coordinates of
the Lie brackets [amγ ∂/∂zm, a
m
α ∂/∂zm] and [a
n
δ
∂/∂zn, a
n
β
∂/∂zn]. Since {sα}
m
α=1 is a h-orthonormal
basis of Γ(M,TM), we get the stated formula. 
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The expression (7) for Θ(g) suggests that the HCF with g0 = ev∗h ∈ M
ind(M) is governed by
the Lie algebra of holomorphic vector fields Γ(M,TM). In the next sections we study this relation.
4. Operation # on a Lie algebra
Before studying the HCF on complex homogeneous manifolds following Hamilton [10] we define
an algebraic operation on the second tensor power of a Lie algebra and list its basic properties.
Definition 4.1. Let gR be a real Lie algebra. Define a symmetric bilinear ad gR-invariant operation
#: g⊗2
R
⊗ g⊗2
R
→ g⊗2
R
,
by the formula
(v1 ⊗ v2)#(w1 ⊗ w2) = [v1, w1]⊗ [v2, w2].
If we choose a basis {eα} of gR and denote by c
γ
αβ its structure constants, then for h = {h
αβ},
k = {kαβ}, h, k ∈ g⊗2
R
(h#k)αβ = cαǫδc
β
γθh
ǫγkδθ.
Clearly, the #-operation preserves the parity of the decomposition g⊗2
R
= Sym2(gR) ⊕ Λ
2(gR),
i.e., defines the maps
#: Sym2(gR)⊗ Sym
2(gR)→ Sym
2(gR),
#: Λ2(gR)⊗ Λ
2(gR)→ Sym
2(gR),
#: Λ2(gR)⊗ Sym
2(gR)→ Λ
2(gR).
Now, let g be a complex Lie algebra. Similarly to the real case we denote by the symbol # the
map
#: (g⊗ g)⊗ (g⊗ g)→ (g⊗ g),
(v1 ⊗ v2)#(w1 ⊗ w2) = [v1, w1]⊗ [v2, w2].
As in the real case, # preserves parity of g⊗ g, in particular, induces a bilinear map on the set of
Hermitian elements of g⊗ g
#: Sym1,1(g)⊗ Sym1,1(g)→ Sym1,1(g).
We will write h# := 12h#h for the square of the #-operation.
Remark 4.2. The #-operation was introduced by Hamilton in the context of the Ricci flow,
see [10]. Definition 4.1 differs from the one of Hamilton in several aspects:
(i) originally # was defined only for the real Lie algebra so(n), while our definition makes
sense for any Lie algebra;
(ii) Hamilton used # only for the part of Sym2(so(n)) satisfying the first Bianchi identity;
(iii) Hamilton used the Killing metric to interpret # as a bilinear operator on the space self-
adjoint operations.
This operation and its algebraic properties play the key role in the characterization of compact
manifolds with 2-positive curvature operator [2]. For an arbitrary real metric Lie algebra this
operation was also considered by Wilking in [22, §3].
Remark 4.3. Operation # is natural, i.e., if ρ : g → h is a homomorphism of Lie algebras, then
ρ(h)#ρ(k) = ρ(h#k) for any h, k ∈ Sym1,1(g).
The following lemma easily follows from the definition by considering a basis of g which diago-
nalizes the two forms.
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Lemma 4.4. Let g be a real (resp. complex) Lie algebra. Assume that forms h, k ∈ Sym2(g)
(resp. h, k ∈ Sym1,1(g)) are symmetric (resp. Hermitian) positive definite. Then h#k is positive
semidefinite with ker(h#k) = Ann([g, g]) ⊂ g∗.
Example 4.5. Let gR = su(2) and denote by 〈 , 〉 the invariant metric on gR normalized in such
a way that 〈[e1, e2], e3〉 = ±1 for any orthonormal triple e1, e2, e3. Take hR ∈ Sym
2(gR) and chose
a 〈 , 〉-orthonormal basis e1, e2, e3, which diagonalizes hR with eigenvalues λ1, λ2, λ3. Then
h#
R
= 1/2(λ1e1 ⊗ e1 + λ2e2 ⊗ e2 + λ3e3 ⊗ e3)#(λ1e1 ⊗ e1 + λ2e2 ⊗ e2 + λ3e3 ⊗ e3)
= (λ2λ3e1 ⊗ e1 + λ1λ3e2 ⊗ e2 + λ1λ2e3 ⊗ e3)
is diagonalized in the same basis with the eigenvalues λ2λ3, λ1λ3, λ1λ2. In particular, if hR is
proportional to the dual of the metric 〈 , 〉 then so is h#
R
.
Example 4.6. Let gR be a compact simple Lie algebra with an invariant metric 〈 , 〉. Let
hR = 〈 , 〉
−1 be the dual of 〈 , 〉, i.e., for an orthonormal basis e1, . . . , em let hR =
∑
ei⊗ ei. Then
h#
R
is proportional to hR with a positive factor.
Indeed, since gR is simple, [gR, gR] = gR and by Lemma 4.4 both hR and h
#
R
are positive
definite ad gR-invariant elements in Sym
2(gR). As gR is simple, such an element is unique up to
multiplication by a positive constant, so h#
R
= λhR, λ > 0.
We expect that proportionality h# = λh characterizes the ad gR-invariant positive definite forms
on any compact simple Lie algebra.
Problem 4.7. Let gR be a compact simple real Lie algebra with an invariant metric 〈 , 〉. Let
h ∈ Sym2(gR) be a positive definite form such that h
# = λh. Is h proportional to 〈 , 〉−1?
Remark 4.8. If gR is a real Lie algebra equipped with an invariant metric 〈 , 〉 extended in an
obvious way to all tensor products of gR, then a trilinear form
P (h, k, l) := 〈h#k, l〉, h, k, l ∈ gR
⊗2.
is symmetric. It follows from the coordinate expression for h#k through the structure constants
and the fact that in any 〈 , 〉-orthonormal basis the structure constants are totally skew-symmetric.
Remark 4.9. If g = gR ⊗ C be the complexification of a real Lie algebra, then a real symmetric
form hR ∈ Sym
2(gR) defines an Hermitian form ϕ(hR) ∈ Sym
1,1(g): in the basis {eα} of gR and the
corresponding basis of g this form is given by ϕ(hR)αβ := (hR)αβ . It is clear that ϕ(hR)#ϕ(hR) =
ϕ(hR#hR).
5. ODE for the induced metrics on complex homogeneous manifolds
In this section we assume that M = G/H is a complex homogeneous space with an effective
action of a complex Lie group G. In this case the Lie algebra g of G naturally embeds into
Γ(M,TM) and generates TM . For x ∈M we denote by
evx : g→ TxM, ix : T
∗
xM → g
∗
the surjective evaluation map, and the dual embedding. If M is compact and G = Aut0(M) then
the Lie algebra of G equals Γ(M,TM) (see [1, §2.3]). In any case the Lie bracket of g coincides
with the Lie bracket of vector fields on M .
Let g0 ∈ M
ind(M) be a metric on M = G/H induced from an Hermitian metric h−1 on g,
where h ∈ Sym1,1(g). Note that if a group K acts onM = G/H and actions of G and K commute,
then the metric g0 is K-invariant. We will use this observation Example 5.3 below.
With Definition 4.1 and Proposition 3.5 we can reduce the HCF on a complex homogeneous
manifold (M, g0, J) to an ODE for h ∈ Sym
1,1(g).
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Theorem 5.1. Let M = G/H be a complex homogeneous manifold equipped with an induced
Hermitian metric g0 = ev∗(h
−1
0 ) ∈ M
ind(M), where h0 ∈ Sym
1,1(g). Let h(t) be the solution to
the ODE
(8)
{
∂th = h
#,
h(0) = h0.
Then g(t) = ev∗(h(t)
−1) solves the HCF on (M, g0, J). In particular g(t) ∈ M
ind(M).
Proof. If h(t) solves (8), then by Proposition 3.5 the Hermitian metric g˜(t) = i∗h(t) on T ∗M
satisfies the partial differential equation{
∂tg˜ = Θ(g˜
−1),
g˜(0) = g−10 ,
where, as in Proposition 3.1, Θ is identified with a section of Sym1,1(TM). Hence g(t) = g˜(t)−1 is
the solution to the HCF on (M, g0, J). 
Surprising consequence of this theorem is that ODE (8) gives solutions to the HCF on all G-
homogeneous manifolds M = G/H equipped with an induced metric independently of the isotropy
subgroup H .
Example 5.2. Let G = SL(2,C). Lie algebra of G has the compact real form su(2), i.e., sl(2,C) =
su(2)⊗C. Assume that h0 ∈ Sym
1,1(sl(2,C)) corresponds to hR ∈ Sym
1,1(su(2)) (see Remark 4.9).
Then ODE (8) reduces to the equation for hR ∈ Sym
2(su(2))
∂thR = h
#
R
.
Let 〈 , 〉 be a positive definite multiple of the Killing form of su(2). Assume that 〈 , 〉 is normalized
in such way that for any orthonormal basis e1, e2, e3 we have 〈[e1, e2], e3〉 = ±1.
Let e1, e2, e3 be an orthonormal basis of su(2) diagonalizing hR. Denote the eigenvalues of hR
with respect to 〈 , 〉 by λ1, λ2, λ3. In this basis the evolution equation takes the form
(9)

∂tλ1 = λ2λ3
∂tλ2 = λ1λ3
∂tλ3 = λ1λ2.
These equations imply that dethR = λ1λ2λ3 satisfies
∂t dethR = (λ2λ3)
2 + (λ1λ3)
2 + (λ1λ2)
2 > 3(dethR)
4/3.
So det hR(t) > 1/(C − t)
3 for some C > 0 and the solution of (9) blows up as t → tmax < ∞.
Moreover, for any i, j ∈ {1, 2, 3}
∂t(λ
2
i − λ
2
j ) = 0,
hence all λi → +∞ as t→ tmax, i ∈ {1, 2, 3} and λi/λj → 1. It follows that hR(t) pinches towards
the (dual of the) Killing form:
hR(t)/|hR(t)|∞ → 〈 , 〉
−1 = e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3.
Example 5.3 (Diagonal Hopf surface). Diagonal Hopf surface is the quotient M =
(
C2\(0, 0)
)
/Γ,
where the generator of Γ ≃ Z acts as (z1, z2) 7→ (λz1, λz2) for some λ ∈ C with |λ| > 1. M is a
compact complex manifold diffeomorphic to S3 × S1. Note that the natural action of SL(2,C) on
C2 commutes with Γ, hence descends to the transitive action on M .
As in Example 5.2 any element hR ∈ Sym
2(su(2)) defines a metric g0 onM . By the computation
of Example 5.2 and Theorem 5.1 under the HCF this metric converges after normalization to the
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metric g∞ = ev∗(〈 , 〉). Since 〈 , 〉 is SU(2)-invariant, the limiting metric g∞ is also SU(2)-
invariant. Moreover, since the action of SL(2,C) on C2 commutes with the scalings, the metric
g∞ pulled back to C
2 is also scaling-invariant. Such a metric is unique up to multiplication by a
positive constant λ:
g∞ = λ
dz1 ⊗ dz1 + dz2 ⊗ dz2
|z1|2 + |z2|2
,
where z1, z2 are coordinates in C
2. This is the so-called round metric on a Hopf surface.
Example 5.2 demonstrates the expected behavior of the ODE (8) for any complex Lie group G
with a simple compact real form. Namely, assume that g = gR ⊗ C is the complexification of a
simple compact real Lie algebra gR with an invariant metric 〈 , 〉. Let us denote by
κ ∈ Sym1,1(g)
the element corresponding to 〈 , 〉−1 ∈ Sym2(gR) (as in Remark 4.9). We refer to κ as the Killing
form. For such G and κ we propose the following conjecture.
Conjecture 5.4. Let h(t) be the solution to the ODE (8) on the maximal time interval [0, tmax).
Then there exists g ∈ G, λ ∈ R such that h(t) pinches towards λAdg(κ):
h(t)/|h(t)|∞ → λAdg(κ), t→ tmax.
Let complex Lie group G and κ ∈ Sym1,1(g) be as above. The following result demonstrates
the metric induced by κ on a G-homogeneous manifold are HCF-Einstein, i.e., scale-static under
the flow. This observation provides some evidence for Conjecture 5.4 to be true.
Theorem 5.5. Let G be the complexification of a simple compact Lie group. Let M = G/H be
a complex homogeneous manifold equipped with the Hermitian metric g0 = ev∗(κ
−1). Then g0 is
scale-static under the HCF, i.e., Θ(g0) = λg0 for some positive constant λ.
Proof. In Example 4.6 we observed that for hR = 〈 , 〉
−1
h#
R
= λhR.
Hence for κ = ϕ(hR) (see Remark 4.9) we have κ
# = λκ. This fact together with Theorem 5.1
imply that g0 is scale static under the HCF. 
6. Growth rate of the HCF solutions on Lie groups
In this section we study the HCF on a complex Lie group G, equipped with an induced metric
g0 ∈M
ind(G) (g0 is identified with its restriction to g ≃ TidG). By Theorem 5.1 the HCF reduces
to the ODE for h(t) ∈ Sym1,1(g) with h0 = g
−1
0
(10)
{
∂th = h
#
h(0) = h0.
It turns out, that the growth rate of a solution h(t) is completely determined by the algebraic
properties of the underlying Lie algebra. Namely, h(t) has polynomial, exponential growth or
finite time blow-up, depending on whether g is nilpotent, solvable or admits a semisimple quotient.
Before we state and prove results on the growth rate of a solution to (10) let us make the
following elementary observation.
Proposition 6.1. Let h(t), k(t) ∈ Sym1,1(g) be the solutions to (10) with the initial conditions
h(0) = h0 and k(0) = k0 such that h0 > k0 > 0. Then for t > 0
h(t) > k(t).
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Proof. We claim that for h, k ∈ Sym1,1(g) if h > k > 0, then h# > k#. Indeed, let {ei} be a basis
diagonalizing simultaneously h and k:
h =
∑
aiei ⊗ ei, k =
∑
biei ⊗ ei
with ai > bi > 0. Then h
# =
∑
i,j aiaj[ei, ej]⊗ [ei, ej ] >
∑
i,j bibj [ei, ej ]⊗ [ei, ej] = k
#.
The proposition now follows from, e.g., [10, Lemma 4.1], as h(0) − k(0) is non-negative and
∂t(h(t)− k(t)) = h(t)
# − k(t)#. 
Theorem 6.2. For a complex Lie algebra g and a positive definite Hermitian form h0 ∈ Sym
1,1(g)
let h(t) be the solution to the ODE (10) on the maximal time interval [0; tmax), 0 < tmax 6 +∞.
Then the following are equivalent:
1. g is a nilpotent Lie algebra;
2. for any initial condition h0 the solution h(t) has at most polynomial growth, i.e., tmax =
+∞ and there exists a polynomial p such that
h(t) < p(t)h0;
3. for some initial condition h0 the solution h(t) has subexponential growth, i.e., tmax = +∞
and for any ǫ > 0 there exists Tǫ > 0 such that for t > Tǫ
h(t) < eǫth0.
Proof. We prove implications 1⇒ 2⇒ 3⇒ 1.
1⇒ 2. By Ado’s theorem for nilpotent Lie algebras [11] there exits a faithful representation of
g into some gl(V ) such that g acts by nilpotent endomorphisms. With the use of basic theory of
Lie algebras [12, §3.3] one can assume that the image of this representation lies in n(n) — the Lie
algebra of strictly upper-triangular n× n matrices:
ρ : g→ n(n).
We extend ρ to a map ρ : Sym1,1(g)→ Sym1,1(n(n)) in the obvious way.
Let {Ei,j |1 6 i < j 6 n} be the elementary matrices spanning n(n). We fix a collection of
positive real numbers {f
(k)
0 }
n−1
k=1 such that the Hermitian form f0 ∈ Sym
1,1(n(n))
f0 :=
∑
16i<j6n
f
(j−i)
0 Ei,j ⊗ Ei,j
is greater than ρ(h0). Consider the solution f(t) ∈ Sym
1,1(n(n)) to the ODE
∂tf = f
#
with the initial condition f(0) = f0. After expanding the definition of f
# we see that this ODE is
equivalent to a system of n− 1 scalar equations
∂tf
(k) =
1
2
k−1∑
j=1
f (j)f (k−j), k = 1, . . . , n− 1.
Solving these equations inductively for k = 1, . . . , n− 1 we get f (k)(t) = pk−1(t), where pk−1(t) is
a polynomial of degree (k − 1).
Hermitian forms ρ(h(t)) and f(t) satisfy the same ODE with the initial conditions ρ(h0) < f0.
Therefore Proposition 6.1 implies that ρ(h(t)) 6 f(t). Since f(t) has polynomial growth, we get
ρ(h(t)) < p(t)f0
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for some polynomial p(t). Finally, using the fact that ρ is faithful and h0 ∈ Sym
1,1(g) is positive
definite, we find a constant C such that
h(t) < Cp(t)h0.
As h(t) is bounded on any interval [0, τ), the solution extends to the whole [0;+∞).
2⇒ 3. Is trivially true.
3⇒ 1. Assume that 1 does not hold and g is not nilpotent. Then by Engel’s theorem for some
x ∈ g the operator adx is not nilpotent. Hence the map adx : g→ g has non-zero eigenvalue λ:
[x, y] = λy, y 6= 0.
Consider f0 := a0x⊗x+b0y⊗y ∈ Sym
1,1(g). Note that f#0 = |λ|
2a0b0y⊗y, hence for the functions
a(t), b(t) with a(0) = a0, b(0) = b0 satisfying
∂ta = 0, ∂tb = |λ|
2ab
the form f(t) = a(t)x⊗ x+ b(t)y⊗ y solves the ODE (10). Explicitly these functions are given by
a(t) = a0, b(t) = b0e
|λ|2a0t. If positive numbers a0, b0 are small enough, one has f0 < h0, hence by
Proposition 6.1 f(t) < h(t). Therefore h(t) can not have subexponential growth. Contradiction.

Theorem 6.3. For a complex Lie algebra g and a positive definite Hermitian form h0 ∈ Sym
1,1(g)
let h(t) be the solution to the ODE (10) on the maximal time interval [0; tmax), 0 < tmax 6 +∞.
Then the following are equivalent:
1. g is a solvable Lie algebra;
2. for any initial condition h0 the solution h(t) has at most exponential growth, i.e., tmax =
+∞ and there exist constants C,K such that
h(t) < CeKth0;
3. for some initial condition h0 the solution h(t) exists on [0,+∞), i.e., tmax = +∞.
Proof. The proof is essentially analogous to Theorem 6.2. We prove implications 1⇒ 2⇒ 3⇒ 1.
1⇒ 2. By Ado’s theorem there exits a faithful representation of g into some gl(V ), and by Lie’s
theorem one can assume that the image of this representation lies in b(n) — the Borel subalgebra
of gl(V ), consisting of upper-triangular n× n matrices:
ρ : g→ b(n).
Let {Ei,j |1 6 i 6 j 6 n} be the elementary matrices spanning b(n). We fix a collection of
positive real numbers {f
(k)
0 }
n−1
k=0 such that the Hermitian form f0 ∈ Sym
1,1(b(n))
f0 :=
∑
16i6j6n
f
(j−i)
0 Ei,j ⊗ Ei,j
is greater than ρ(h0). Consider the solution f(t) ∈ Sym
1,1(b(n)) to the ODE (10) with the initial
condition f(0) = f0. After expanding the definition of f
# we see that this ODE is equivalent to a
system of n− 1 scalar equations
∂tf
(k) =
1
2
k∑
j=0
f (j)f (k−j), k = 1, . . . , n− 1
with f (0)(t) ≡ f
(0)
0 . Solving these equations inductively for k = 1, . . . , n − 1 we get f
(k)(t) =
qk(e
f
(0)
0 t), where qk(t) is a polynomial of degree k with qk(0) = 0.
HCF ON COMPLEX HOMOGENEOUS MANIFOLDS 13
Hermitian forms ρ(h(t)) and f(t) solve the same ODE with the initial conditions ρ(h0) < f0.
Therefore Proposition 6.1 implies that ρ(h(t)) 6 f(t). Since f(t) has exponential growth, we get
ρ(h(t)) < C0e
Ktf0
for some constants C0,K. Finally, using the fact that ρ is faithful and h0 ∈ Sym
1,1(g) is positive
definite, we find a constant C such that
h(t) < CeKth0.
As h(t) is bounded on any interval [0, τ), the solution extends to the whole [0;+∞).
2⇒ 3. Is trivially true.
3 ⇒ 1. Assume that 1 does not hold and g is not solvable. Denote by Rad(g) the maximal
solvable ideal. Then the quotient g/Rad(g) is semisimple Lie algebra and has a simple summand
g0. So there is a surjective homomorphism onto a simple Lie algebra.
ρ : g→ g0.
As in the set-up for Conjecture 5.4 let κ ∈ Sym1,1(g0) be a positive-definite Hermitian form
corresponding to the Killing metric of the compact real form of g0. Then according to Example 4.6
and Theorem 5.5 κ# = λκ for some λ > 0.
Now, let h(t) ∈ Sym1,1(g) be a solution to the ODE (10) defined on [0,+∞). Choose ǫ0 > 0
such that ǫ0κ < ρ(h(0)). If ǫ(t) satisfies the equation
∂tǫ = λǫ
2, ǫ(0) = ǫ0,
then f(t) = ǫ(t)κ solves the ODE (10) for f(t) ∈ Sym1,1(g0) with the initial data f(0) = ǫ0κ.
Explicitly we have
ǫ(t) =
ǫ0
1− ǫ0λt
.
On the one hand we have the solution f(t) to (10) blowing up at the finite time t = (ǫ0λ)
−1, on
the other hand f(0) < ρ(h(0)), hence by Proposition 6.1 for any t > 0
f(t) < ρ(h(t)).
Contradiction with the finiteness of h(t) for all t ∈ [0,+∞). 
Example 6.4 (Iwasawa manifold). Let G be the 3-dimensional complex Heisenberg group
G :=

1 a b0 1 c
0 0 1
 a, b, c ∈ C
 .
and Γ ⊂ G its discrete subgroup, consisting of matrices with a, b, c ∈ Z[i]. The quotient M = G/Γ
is a compact complex manifold called the Iwasawa manifold. M is an example of a compact
complex manifold which does not admit any Ka¨hler metric. In fact, since M is not formal, there
is no complex structure on the underlying differential manifold M admitting a Ka¨hler metric.
The Lie algebra of G is g = span(∂a, ∂b, ∂c) ≃ n(3). Consider g0 = ev∗(h
−1
0 ), where h0 ∈
Sym1,1(g). Denote by h(t) the solution to the ODE (10). Theorem 6.2 provides explicit expression
for h(t) and, in particular, implies that h(t) polynomially blows up as t→∞. In fact, since h# is
proportional to ∂b ⊗ ∂b for any h ∈ Sym
1,1(g), we see that ∂b ⊗ ∂b is the only coordinate of h(t),
which blows up. For the solution g(t) = ev∗(h(t)
−1) ot the HCF this means that as t→∞
g(t)(∂b, ∂b)→ 0, g(t)|span(∂a,∂c) ≡ g(0)|span(∂a,∂c).
To get geometric picture consider the Gromov-Hausdorff limit of (G/Γ, g(t)). It is easy to see that
projection onto coordinates a and c defines a holomorphic fibration
π : G/Γ→ C/Z[i]× C/Z[i].
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The fibers of π are the orbits of the flow generated by C·∂c. The limiting behavior of g(t) implies
that in the Gromov-Hausdorff limit the fibers with the induced metric uniformly collapse to a point
as t→ +∞ and G/Γ collapses to the product of elliptic curves:
(G/Γ, g(t)) →
GH
(C/Z[i]× C/Z[i], g(0)|span(∂a,∂c)).
Using the computations of Theorem 6.2 one can show that the HCF exhibits similar behavior
on all complex nilmanifolds of the form G/Γ, where G is a complex nilpotent group and Γ ⊂ G is
a cocompact lattice.
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